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Discreteness-Aware Approximate Message Passing
for Discrete-Valued Vector Reconstruction

Ryo Hayakawa, Student Member, IEEE, and Kazunori Hayashi, Member, IEEE

Abstract—This paper considers the reconstruction of a
discrete-valued random vector from possibly underdetermined
linear measurements using sum-of-absolute-value (SOAV) opti-
mization. The proposed algorithm, referred to as discreteness-
aware approximate message passing (DAMP), is based on the
idea of approximate message passing (AMP), which has been
originally proposed for compressed sensing. The DAMP algo-
rithm has low computational complexity and its performance
in the large system limit can be predicted analytically via state
evolution framework, where we provide a condition for the exact
reconstruction with DAMP in the noise-free case. From the
analysis, we also propose a method to determine the parameters
of the SOAV optimization. Moreover, based on the state evolution,
we provide Bayes optimal DAMP, which has the minimum mean-
square-error at each iteration of the algorithm. Simulation results
show that the DAMP algorithms can reconstruct the discrete-
valued vector from underdetermined linear measurements and
the empirical performance agrees with our theoretical results in
large-scale systems. When the problem size is not large enough,
the SOAV optimization with the proposed parameters can achieve
better performance than the DAMP algorithms for high signal-
to-noise ratio.

Index Terms—discrete-valued vector reconstruction, sum-of-
absolute-value optimization, approximate message passing, state
evolution.

I. INTRODUCTION

IN signal processing, it is an important problem to recon-
struct a discrete-valued vector from its possibly underde-

termined linear measurements. In communications systems,
for example, multiuser detection [1]–[4], overloaded multiple-
input multiple-output (MIMO) signal detection [5]–[7], and
faster-than-Nyquist signaling [8], [9] can be regarded as
such problems because the signals in digital communications
are generally discrete-valued. The reconstruction of discrete-
valued images can also be formulated similarly [10]. For
such problems, the optimal maximum likelihood approach
results in a combinatorial optimization problem and hence the
computational complexity increases exponentially along the
problem size. We thus require a low-complexity algorithm for
the reconstruction, especially in large-scale problems.
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Some methods based on convex optimization have been
proposed for the large-scale discrete-valued vector reconstruc-
tion. The regularization-based method and the transform-based
method [11] borrow the idea from compressed sensing [12],
[13] in the formulation to obtain convex optimization prob-
lems. The optimization problems can be solved by interior
point methods [14] as the standard linear programming. As
for theoretical analysis, the required number of measurements
in the large system limit has been derived for the binary
vector reconstruction with the regularization-based method.
A more general result has been obtained for the reconstruc-
tion of uniformly distributed discrete-valued vectors via the
transform-based method. For non-uniformly distributed vec-
tors, however, no analytical result has been provided. In [15],
the box relaxation optimization has been proposed for the
signal detection in code division multiple access (CDMA).
Although the asymptotic performance of the method has been
analyzed in [16], the analysis is limited to the reconstruction
of uniformly distributed binary vector.

On the other hand, sum-of-absolute-value (SOAV) optimiza-
tion has been proposed for the reconstruction of discrete-
valued vector with any discrete distribution [17]. Although
the SOAV optimization is similar to the regularization-based
method, it can take the probability distribution of the unknown
vector into consideration. They are actually equivalent when
the unknown vector is uniformly distributed. The SOAV op-
timization is also convex, and efficient algorithms based on
proximal splitting methods [18] have been proposed [4], [7].
Although some theoretical analyses have been provided for
the optimization problem [4], [7], the required number of
measurements for the reconstruction has not been obtained
for the SOAV optimization.

In this paper, we propose an iterative algorithm based on
the SOAV optimization problem, whose preliminary version
has been presented in [19], [20]. By using the idea of the
approximate message passing (AMP) algorithm [21], [22]
for compressed sensing, we firstly consider a probability
distribution corresponding to the SOAV optimization. We then
approximate the sum-product belief propagation [23], [24] for
the distribution and obtain the proposed algorithm, referred to
as discreteness-aware AMP (DAMP). For the approximation
in the derivation, we assume the large system limit, where
the problem size increases to infinity with a fixed ratio of
the number of measurements to the number of unknown
variables. The DAMP algorithm has basically the same form
as that of the original AMP algorithm for compressed sens-
ing except for their soft thresholding functions. Hence, the
order of the computational complexity is the same as that of
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the original AMP algorithm. By using state evolution [21],
[25], we analytically evaluate the asymptotic performance of
the DAMP algorithm in the large system limit. We further
derive the required number of measurements for the perfect
reconstruction in the noise-free case. The analysis provides the
optimal parameters of the soft thresholding function in terms
of minimizing the required number of measurements. With
the analytical result, we also propose a method to determine
the parameters of the SOAV optimization. Moreover, on the
basis of the state evolution, we derive Bayes optimal DAMP,
which gives the minimum mean-square-error (MSE) at each
iteration in the large system limit. Simulation results show that
the proposed DAMP algorithms can reconstruct the discrete-
valued vector from its underdetermined linear measurements.
For large-scale problems, the performance agrees well with
the theoretical result obtained with the state evolution. The
SOAV optimization with the proposed parameters can achieve
the better performance than that of the original SOAV op-
timization. Moreover, when the problem size is not large
enough, it also outperforms some AMP-based algorithms in
high signal-to-noise ratio (SNR) region. We also evaluate the
performance when the measurement matrix is a partial discrete
cosine transform (DCT) matrix. We compare the proposed
methods with turbo compressed sensing [26], [27], which
is a message passing-based algorithm designed for partial
discrete Fourier transform (DFT) measurement matrices. For
small-scale problems, Bayes optimal DAMP achieves better
performance than turbo compressed sensing in the high SNR
region.

One of major additional contributions from the conference
versions [19], [20] is the extension of DAMP for any discrete
distributions, while [19] and [20] consider only symmetric
distributions and binary distributions, respectively. Moreover,
we newly provide the optimization algorithm to determine the
parameters of the soft thresholding function, which enables us
to theoretically analyze the condition for the perfect recon-
struction in some examples. Furthermore, we also propose a
method to determine the parameters of the SOAV optimization,
which will be shown to have better symbol error rate (SER)
performance than the original optimization proposed in [17]
in the simulations.

The rest of the paper is organized as follows: In Section II,
we propose the DAMP algorithm for the discrete-valued vector
reconstruction. Section III analyzes the performance of the
DAMP algorithm via the state evolution framework and shows
some examples of the analysis. We then apply the theoretical
results to the SOAV optimization in Section IV and provide
Bayes optimal DAMP in Section V. Section VI gives some
simulation results, which demonstrate the performance of the
proposed algorithms and show the validity of the theoretical
analysis. Finally, we present some conclusions in Section VII.

In the rest of the paper, we use the following notations:
we represent the transpose by (·)T, the identity matrix by
I , the vector whose elements are all 1 by 1, and the
vector whose elements are all 0 by 0. For a vector u =
[u1 · · · uN ]T ! RN , we define the !1 and !2 norms of u

as "u"1 =
!N

n=1 |un| and "u"2 =
"!N

n=1 u
2
n, respectively.

We also define "u"0 as the number of nonzero elements in
u. [u]n indicates the nth element of u. We represent the
sample mean of the elements of u by #u$ = 1

N

!N
n=1 un.

The matrix diag(u1, . . . , uN ) ! RN!N denotes the diag-
onal matrix whose (n, n) element is un. For a function
h : RN % R, the proximity operator [18] of h is defined as

proxh(u) = arg min
s"RN

#
h(s) +

1

2
"s& u"22

$
. We represent

the sign function by sgn(·). "(z) = 1#
2!

exp
%
& z2

2

&
and

!(z) =
' z
$% "(z&)dz& are the probability density function and

the cumulative distribution function of the standard Gaussian
distribution, respectively.

II. PROPOSED DISCRETENESS-AWARE AMP

In this section, we briefly explain the SOAV optimiza-
tion [17] and propose DAMP by taking a similar approach
to that of the AMP algorithm for compressed sensing [21].

A. SOAV Optimization

The SOAV optimization is a technique to reconstruct
a discrete-valued vector such as b = [b1 · · · bN ]T !
{r1, . . . , rL}N ' RN (r1 < · · · < rL) from its linear
measurements

y = Ab+ v, (1)

where y = [y1 · · · yM ]T ! RM and A ! RM!N . We
denote the (m,n) element of A by am,n (m = 1, . . . ,M
and n = 1, . . . , N ). The vector v is an unknown additive
Gaussian noise with mean 0 and covariance matrix #2

vI . We
assume that the elements of b are independent and identically
distributed (i.i.d.) random variables from the known distribu-
tion Pr(bn = r") = p" (n = 1, . . . , N and ! = 1, . . . , L). In
this situation, b& r"1 has approximately p"N zero elements.
Taking advantage of this fact and the idea of compressed
sensing, the SOAV optimization minimizes the weighted sum
of absolute values "x& r"1"1 and "y &Ax"22 as

b̂ = arg min
x"RN

L(

"=1

q""x& r"1"1 +
$

2
"y &Ax"22 (2)

to obtain the estimate of b, where $ (> 0) is a param-
eter. The !1 norm in the objective function can also be
considered as a convex relaxation of "x & r"1"0, which is
large when x has many elements other than r" [11]. From
the Bayesian perspective, the SOAV optimization uses the
distribution ppri(x) ( exp

%
&
!L

"=1 q"|x& r"|
&

as the prior
of the unknown variables. In the original SOAV optimiza-
tion [17], the coefficients q" () 0) are fixed as q" = p",
while the regularization-based method [11] solves (2) with
q1 = · · · = qL = 1. However, the validity of these selections
has not been verified. We thus consider the coefficients as
parameters to be optimized before solving (2), as described in
Section III-B. Note that we can handle any discrete distribution
by using the above formulation, while [19] and [20] considers
only the case with symmetric distributions and the case with
binary distributions, respectively.
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B. DAMP
The derivation of DAMP begins with belief propagation

with the sum-product algorithm [24] for a probability distri-
bution corresponding to the SOAV optimization (2). We first
consider the following joint probability distribution

µ(x) (
N)

n=1

exp

*
&%

L(

"=1

q"|xn & r"|
+

·
M)

m=1

exp

,
-.

-/
&%$

2

0

1ym &
N(

j=1

am,jxj

2

3
2
4
-5

-6
, (3)

where % > 0. Note that, as % % *, the mass of the
distribution concentrates on the solution of (2). Hence, we can
solve (2) by calculating the mode of the marginal distribution
of each xn, which can be approximated via belief propagation.
However, the computational complexity is prohibitive for the
factor graph of (3) with large N .

To derive a low-complexity algorithm, we then consider the
large system limit (M,N % * with fixed M/N = ") and
large % limit (% % *), and approximate the sum-product
algorithm for (3). As in the derivation in [22], assuming the
measurement matrix A ! RM!N being composed of i.i.d.
variables with zero mean and variance 1/M , we have the
resultant algorithm as

zt = y &Axt

+
1

"
zt$1

7
&&
8
xt$1 +ATzt$1;

't$1+
"

9:
, (4)

xt+1 = &

8
xt +ATzt;

't+
"

9
, (5)

where xt is the estimate of b at the tth iteration. The function
&(·; ·) is given by

&(u; c) = proxcJ(u), (6)

where J(x) =
!L

"=1 q""x & r"1"1 is the first term of the
objective function in (2). By the direct calculation described
in [4], the nth element of proxcJ(u) is written as

[proxcJ(u)]n

=

,
------------.

------------/

un & cQ1 (un < r1 + cQ1)

r1 (r1 + cQ1 , un < r1 + cQ2)
...

...
un & cQk (rk$1 + cQk , un < rk + cQk)

rk (rk + cQk , un < rk + cQk+1)
...

...
un & cQL+1 (rL + cQL+1 , un)

, (7)

where un is the nth element of u, Q1 = &
!L

"=1 q", QL+1 =!L
"=1 q", and

Qk =
k$1(

"=1

q" &
L(

"!=k

q"! (k = 2, . . . , L). (8)

Since [proxcJ(u)]n is a function of only un, the function
&(u; c) is a element-wise function of u. The nth element of

Algorithm 1 DAMP algorithm
Input: y ! RM ,A ! RM!N

Output: xTitr ! RN

1: x0 = x1 = E[b], z0 = 0, " = M/N
2: for t = 1 to Titr & 1 do
3: zt = y &Axt

+
1

"
zt$1

;
&&

*
xt$1 +ATzt$1;

'̂t$1+
"

+<

4: '̂2t =
"zt"22
N

5: xt+1 = &

*
xt +ATzt;

'̂t+
"

+

6: end for

&&(u; c) in (4) is the partial derivative of &(u; c) with respect
to un, and is given by [&&(u; c)]n = 0 if [proxcJ(u)]n !
{r1, . . . , rL}, otherwise [&&(u; c)]n = 1. '2t = "xt&b"22/N +
"#2

v is a scaled effective variance at the tth iteration [28].
Since the true solution b is unknown in practice, we use the
alternative value for '2t , e.g., '̂2t = "zt"22/N as in [29].

We summarize the proposed DAMP algorithm in Algo-
rithm 1. It should be noted that the update equations of
DAMP (4), (5) are basically the same as those of the AMP
algorithm for compressed sensing [21], [22]. The only differ-
ence is the function &(u; c), which is the soft thresholding
function [&(u; c)]n = sgn(un)max{|un|& c, 0} in the case of
the sparse vector reconstruction. Hence, the function &(u; c)
given by (6)–(8) can be considered as the soft thresholding
function for the discrete-valued vector reconstruction. In TA-
BLE I, we summarize the relationship between the original
AMP algorithm and the proposed DAMP algorithm. From
a Bayesian perspective, the original AMP algorithm uses
the prior distribution ppri(x) ( exp (&|x|) for the unknown
sparse vector, whereas the DAMP algorithm uses ppri(x) (
exp

%
&
!L

"=1 q"|x& r"|
&

for the discrete-valued vector. Al-
though the DAMP algorithm is based on the idea of the SOAV
optimization, the estimate by the DAMP algorithm is not
necessarily equal to that by the SOAV optimization because of
the approximations in the derivation. For details of the relation-
ship between AMP-based approaches and optimization-based
approaches, see [30], [31]. Since (4) and (5) can be computed
only with additions of vectors and multiplications of a matrix
and a vector, the computational complexity of the algorithm
is O(MN) per iteration, which is lower than that of internal
point methods O(MN2) used in [11].

The DAMP algorithm can also be used for complex-
valued vector by rewriting the complex-valued model into the
equivalent real model when the real and imaginary parts are
independent, e.g., b ! {1+ j,&1+ j,&1& j, 1& j}N . When
they are dependent, however, the algorithm cannot be directly
applied and hence some extensions are required.

III. ASYMPTOTIC ANALYSIS OF DAMP

In this section, we provide a theoretical analysis of DAMP
with state evolution framework [21], [25]. By using state
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TABLE I
COMPARISON BETWEEN THE ORIGINAL AMP ALGORITHM AND THE PROPOSED DAMP ALGORITHM

original AMP algorithm [21], [22] proposed DAMP algorithm
purpose sparse vector reconstruction (compressed sensing) discrete-valued vector reconstruction

optimization problem !1 optimization SOAV optimization in (2)
prior distribution ppri(x) ppri(x) ! exp ("|x|) ppri(x) ! exp

!
"

"L
!=1 q!|x" r!|

#

soft thresholding function ["(u; c)]n = sgn(un)max{|un|" c, 0} "(u; c) = proxcJ (u) in (7)

evolution, we give the required number of measurements
for the perfect reconstruction and the parameter of the soft
thresholding function minimizing the required number of
measurements in the large system limit.

A. State Evolution

State evolution is a framework to analyze the asymptotic
performance of the AMP algorithm. In the large system limit,
the sample MSE #2

t = "xt & b"22/N of xt can be predicted
via the state evolution. Similarly to the case of compressed
sensing, the state evolution formula for DAMP in Algorithm 1
is written as

#2
t+1 = #

=
#2
t +"#2

v

>
, (9)

where

#
=
#2
>
= E

?#
&

8
X +

#+
"
Z;

#+
"

9
&X

$2
@
. (10)

The random variable X has the same distribution as that
of the unknown discrete variable, i.e., Pr(X = r") = p"
(! = 1, . . . , L) in our problem, and Z is the standard Gaussian
random variable independent of X . In the rigorous proof for
the state evolution [25], it is assumed that A is composed of
i.i.d. Gaussian variables with zero mean and variance 1/M ,
and &(·; ·) is Lipschitz continuous. In [25], however, it is
expected that the state evolution is also valid for a broader
class of measurement matrices A, such as the matrices with
i.i.d. (possibly non-Gaussian) elements with zero mean and
variance 1/M . In fact, some numerical results in [21] imply
such universality of the state evolution.

B. Condition for Perfect Reconstruction by DAMP

We can analyze the performance of the DAMP algorithm
by investigating the function #(#2), which can be analytically
obtained (See Appendix A). In this section, we consider the
noise-free case (i.e., #2

v = 0) and investigate a sufficient
condition for the perfect reconstruction defined as #2

t % 0
(t % *). Since we have #(0) = 0 in the noise-free case,
the sequence {#2

t }t=0,1,... with the recursion (9) converges
to zero if #(#2) is concave and its derivative at #2 = 0 is

smaller than one, i.e.,
d#

d(#2)

AAAA
#'0

< 1. In fact, the condition

d#

d(#2)

AAAA
#'0

< 1 results in #(#2) < #2 and hence we have

#2
t+1 = #(#2

t ) < #2
t . In this case, DAMP reconstructs the

unknown vector b perfectly regardless of the initialization.
Note that the above discussion is valid when the function

#(#2) is concave, and we can examine the concavity as
discussed later.

To obtain the condition for the perfect reconstruction, we

evaluate
d#

d(#2)

AAAA
#'0

analytically. By the mathematical manip-

ulation, we have

d#

d(#2)

AAAA
#'0

:= D(Q) (11)

=
1

"

L(

"=1

p"
B
Q"" (Q")&Q"+1" (Q"+1) +

=
1 +Q2

"

>
! (Q")

+
=
1 +Q2

"+1

>
(1& ! (Q"+1))

C
, (12)

where Q = [Q1 · · · QL+1]
T (See Appendix B). Since we

can choose any q1, . . . , qL ) 0 in (2), we minimize (12) with
respect to Q1, . . . , QL+1 as

Dmin = min
Q

D(Q) subject to Q1 , · · · , QL+1. (13)

Note that, in (13), we eliminate the constraint Q1 = &QL+1.
As we will see later, the optimal values of Q1 and QL+1

are Qopt
1 = &* and Qopt

L+1 = *, respectively, and hence
this relaxation does not change the optimal value Dmin. The
optimization problem (13) can be solved via interior point
methods [14] because D(Q) is a convex function of Q. We
can also solve (13) with the following theorem, which enables
us to theoretically analyze the performance of DAMP in some
cases as described in Section III-C. In what follows, for an
equation h(Q) = 0 with a unique solution, we denote the
solution by Q̂(h(Q)), i.e., h(Q̂(h(Q))) = 0.

Theorem 1. The unique minimizer Qopt =
D
Qopt

1 · · · Qopt
L+1

ET

of the optimization problem (13) can be obtained by Algo-
rithm 2.

Proof: See Appendix C.
By using Algorithm 2, we can obtain the unique mini-

mizer Qopt and the corresponding minimum value Dmin of
d#

d(#2)

AAAA
#'0

. From (7), the soft thresholding function with the

optimal parameters Qopt
" is written as

D
&S (u; c)

E
n

=

,
----------.

----------/

r1
=
un < r1 + cQopt

2

>

...
...

un & cQopt
k

=
rk$1 + cQopt

k , un < rk + cQopt
k

>

rk
=
rk + cQopt

k , un < rk + cQopt
k+1

>

...
...

rL
=
rL + cQopt

L , un

>

, (14)
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Algorithm 2 Parameter optimization
Input: p1, . . . , pL
Output: Qopt =

D
Qopt

1 · · · Qopt
L+1

ET

1: for ! = L,L& 1, . . . , 2 do
2: F"(Q) = p"$1 {&" (Q) +Q (1& ! (Q))}
3: +p" {" (Q) +Q! (Q)}
4: end for
5: Qopt

L+1 = *
6: GL(Q) = FL(Q)
7: for ! = L,L& 1, . . . , 3 do
8: if Q̂(G"(Q)) > max

j=2,...,"$1
Q̂
%!"$1

k=j Fk(Q)
&

then

9: Qopt
" = Q̂(G"(Q))

10: G"$1(Q) = F"$1(Q)
11: else
12: Qopt

" = Qopt
"$1

13: G"$1(Q) = F"$1(Q) +G"(Q)
14: end if
15: end for
16: Qopt

2 = Q̂(G2(Q))
17: Qopt

1 = &*

where
D
&S (u; c)

E
n

denotes the nth element of &S(u; c).
The DAMP algorithm with &S(·; ·), which we call soft

thresholding DAMP henceforth, provides the perfect recon-
struction in the large system limit if Dmin < 1 and the function

#S(#2) = E

?#
&S
8
X +

#+
"
Z;

#+
"

9
&X

$2
@

is concave.

Since we have

d2#

d(#2)2
=

+
"

2#5

L(

"=1

p"

L(

k=1

(&r" + rk)
3 {&" (T",k,k)

+" (T",k,k+1)} ,
(15)

where T",k,k! =

+
"

#
(&r" + rk)+Qk! (See Appendix D), the

concavity of #(#2) depends on Q". By evaluating (15) with
Q = Qopt, we can investigate whether #S(#2) is concave or
not. If #S(#2) is concave and Dmin < 1, soft thresholding
DAMP can perfectly reconstruct the discrete-valued vector in
the large system limit.

C. Examples of Asymptotic Analysis
We show three examples of the analysis for DAMP via state

evolution. In all examples, we can confirm that #S(#2) is
concave by the direct calculation.
Example 1 (Binary vector). As the simplest example, we firstly
consider the reconstruction of a binary vector b ! {r1, r2}N
with Pr(bn = r1) = p1 and Pr(bn = r2) = p2 (= 1 & p1).
The binary vector reconstruction appears in CDMA multiuser
detection and signal detection for MIMO systems with binary
phase shift keying (BPSK) or quadrature phase shift keying
(QPSK). By using Algorithm 2, we can obtain the optimal
parameters of the soft thresholding function.

In the noise-free case, soft thresholding DAMP provides the
perfect reconstruction in the large system limit if Dmin < 1.

Fig. 1. Phase transition of soft thresholding DAMP for binary vector

Figure 1 shows the phase transition line of soft thresholding
DAMP, where Dmin = 1. Note that the line is the boundary
between the success and failure regions of DAMP in the large
system limit. In the left region of the curve, the MSE of the
estimate obtained by DAMP does not converge to zero. In the
right region, DAMP can provide the perfect reconstruction of
b. For example, the figure shows that DAMP requires at least
N/2 observations to accurately reconstruct an N -dimensional
uniformly distributed binary vector with p1 = 0.5. This result
coincides with the theoretical analysis for the regularization-
based method and the transform-based method [11] as well as
the box relaxation [16]. Moreover, our analysis also provides
the required number of measurements for the asymmetric
distribution with p1 -= 0.5, which has not been obtained in [11]
and [16]. It should be noted that Dmin in (13) is independent
of r1 and r2, and hence the phase transition line in Fig. 1 is
identical for any r1 and r2 in the noise-free case.

In the noisy case, the asymptotic MSE at the fixed point
of soft thresholding DAMP, i.e., the value of #2 satisfying
#2 = #S(#2+"#2

v), can be obtained numerically by iterating
#2
t+1 = #S(#2

t+"#2
v). Figure 2 shows the result for the binary

vector b ! {&1, 1}N with Pr(bn = &1) = p1, Pr(bn = 1) =
1& p1, and #2

v = 0.01. We can see that the asymptotic MSE
becomes smaller when the measurement ratio " increases.

Example 2 (Possibly sparse discrete-valued vector). The re-
construction of a possibly sparse discrete-valued vector, such
as b ! {&1, 0, 1}N and b ! {&3,&1, 0, 1, 3}N , also arises
in some problems, e.g., multiuser detection for machine-to-
machine communications [4] and error recovery for MIMO
signal detection [32]. Although some methods have been
proposed for the reconstruction of the discrete-valued sparse
vector [33]–[37], their theoretical analyses have not been
obtained.

In Fig. 3, we show the phase transition line for b !
{&r, 0, r}N and b ! {&3r,&r, 0, r, 3r}N (r > 0) in the
noise-free case. For b ! {&r, 0, r}N , we assume Pr(bn =
0) = p and Pr(bn = &r) = Pr(bn = r) = (1 & p)/2. For
b ! {&3r,&r, 0, r, 3r}N , we assume Pr(bn = 0) = p and
Pr(bn = &3r) = Pr(bn = &r) = Pr(bn = r) = Pr(bn =
3r) = (1 & p)/4. The dashed line shows the phase transition
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Fig. 2. MSE at the fixed point in the noisy case (b # {"1, 1}N , Pr(bn =
"1) = p1, Pr(bn = 1) = 1" p1, #2

v = 0.01)
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Fig. 3. Phase transition of soft thresholding DAMP for possibly sparse
discrete-valued vector

line of the original AMP algorithm for compressed sensing,
which utilizes only the sparsity of the unknown vector. If
the unknown vector is discrete-valued, the DAMP algorithm
requires a less number of measurements compared to the AMP
algorithm. However, as the possible candidates for non-zero
value increases, more number of measurements is required for
the perfect reconstruction.

Example 3 (Uniformly distributed discrete-valued vector). Fi-
nally, we analyze the reconstruction of b ! {r1, . . . , rL}N
with the uniform distribution p1 = · · · = pL = 1/L. The
signal detection for MIMO systems with quadrature amplitude
modulation (QAM) can be reduced to such reconstruction
problem.

By Algorithm 2, we have Qopt
L = · · · = Qopt

2 = 0.
The resultant soft thresholding function is equivalent to that
of the AMP algorithm with the box relaxation [38]. The
condition for the perfect reconstruction in the noise-free case
is Dmin = (L&1)/("L) < 1 . " > (L&1)/L, which means
that soft thresholding DAMP requires more than (L& 1)N/L
measurements to reconstruct a N dimensional vector with the
uniform distribution of L values. This threshold is the same as

that for the transform-based method [11]. It should be noted
that the analysis of DAMP can also be applied even for non-
uniform distribution, while uniform distributions are assumed
for the analyses in [11] and [38].

IV. APPLICATION TO SOAV OPTIMIZATION

In this section, we propose a method to determine the
parameters q" of the SOAV optimization (2) on the basis of
the asymptotic analysis of soft thresholding DAMP.

The DAMP algorithm proposed in the previous section has
low computational complexity and its asymptotic performance
can be predicted by state evolution, which provides the optimal
parameters of the soft thresholding function. In the derivation,
however, we take the large system limit and assume that the
measurement matrix A is composed of i.i.d. elements. Hence,
the DAMP algorithm suffers from the performance degradation
when the problem size is not large or the measurement matrix
is composed of correlated elements.

The SOAV optimization can be solved with the proximal
splitting methods [18] as a convex optimization problem [4],
[7]. The convex optimization algorithms do not require any
assumptions on the measurement matrix and can obtain the
minimizer even when the problem size is small. Thus, when
the measurement matrix is composed of correlated elements or
the problem size is not large enough, the convex optimization-
based approach using parameters q1, . . . , qL obtained from the
optimal values Qopt

1 , . . . , Qopt
L in the previous section might

outperform the DAMP algorithm.
We thus derive the parameters qopt

" corresponding to the
optimal parameters Qopt

" in a casual manner. From the def-
initions of Qk in (8), we can obtain q" from Q" and Q"+1

as q" = (&Q" +Q"+1) /2. Since Qopt
2 , . . . , Qopt

L are finite, the
corresponding coefficients qopt

2 , . . . , qopt
L$1 given by

qopt
" =

1

2

=
&Qopt

" +Qopt
"+1

>
(16)

are also finite. On the other hand, qopt
1 = qopt

L = * follows
from Qopt

1 = &* and Qopt
L+1 = *. The objective function

of the SOAV optimization includes qopt
1 and qopt

L in the form
qopt
1 |x&r1|+qopt

L |x&rL|, and the term becomes infinity when
x , r1 or x ) rL. When r1 < x < rL, however, the term is
computed as

qopt
1 |x& r1|+ qopt

L |x& rL| = (qopt
1 & qopt

L )x+ const. (17)

=
1

2
(Qopt

2 +Qopt
L ) + const. (18)

because we have

Q2 +QL = 2(q1 & qL) (19)

from (8), where “const.” is a constant independent of x. Since
Qopt

2 and Qopt
L are finite, Qopt

2 + Qopt
L is also finite and hence

we have

qopt
1 |x& r1|+ qopt

L |x& rL|

=

,
.

/

1

2
(Qopt

2 +Qopt
L )x+ const. (r1 < x < rL)

* (otherwise)
, (20)
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Algorithm 3 Beck-Teboulle proximal gradient algorithm for
SOAV optimization (21)
Input: y ! RM ,A ! RM!N ,$ ! R
Output: xTitr ! RN

1: x1 = 0, z1 = 0, (1 = 1, ) ) $"A"22
2: for t = 1 to Titr & 1 do
3: xt+1 = &S

=
zt + )$1$AT (y &Azt) ; )$1

>

4: (t+1 =
1 +

F
4(2t + 1

2

5: *t = 1 +
(t & 1

(t+1

6: zt+1 = *txt+1 + (1& *t)xt

7: end for

where the infinity for x /! (r1, rL) corresponds to the box
constraint r1 < x < rL. Therefore, we have the SOAV
optimization problem corresponding to the optimal parameters
for soft thresholding DAMP as

b̂ = arg min
x"RN

L(

"=1

qopt
" "x& r"1"1 +

$

2
"y &Ax"22

subject to r11 , x , rL1, (21)

where qopt
2 , . . . , qopt

L$1 are given by (16) and qopt
1 , qopt

L () 0)
must be chosen to satisfy qopt

1 & qopt
L = (Qopt

2 +Qopt
L )/2. Note

that we relax the constraint as r11 , x , rL1 because the
unknown vector b may have r1 and rL. The problem (21) can
be rewritten as

b̂ = arg min
x"RN

h1(x) + h2(x), (22)

where h1(x) =
!L

"=1 q
opt
" "x& r"1"1 + +(x), h2(x) = $"y&

Ax"22/2, and

+(x) =

G
0 (r11 , x , rL1)

* (otherwise)
. (23)

An important fact here is that the proximity operator
of h1(x) is given by proxch1

(u) = &S(u; c) because
qopt
1 , . . . , qopt

L , Qopt
1 , . . . , Qopt

L satisfy (8) and +(·) restricts the
value of proxch1

(u) as r1 , [proxch1
(u)]n , rL. Hence, the

convex optimization problem (21) can be efficiently solved by
proximal splitting methods [18] using &S(u; c). As an example,
we show Beck-Teboulle proximal gradient algorithm [18], [39]
for the optimization problem (22) in Algorithm 3.

As we can see from the following example, the proposed
parameters qopt

" are different from those of the original SOAV
optimization in general.
Example 4. We consider the reconstruction of b !
{&1, 0, 1}N . The distribution of b is assumed to be Pr(bn =
0) = 0.2 and Pr(bn = &1) = Pr(bn = 1) = 0.4. In
this case, we have Qopt

1 = &*, Qopt
2 = Qopt

3 = 0, and
Qopt

4 = * by Algorithm 2. Hence, the proposed parame-
ters satisfy qopt

1 & qopt
3 = 0 and qopt

2 = 0. Since we have
qopt
1 "x+1"1+qopt

2 "x"1+qopt
3 "x&1"1 = 2qopt

1 N (= const.) for
&1 , x , 1 in this case, the proposed optimization problem

is given by

b̂ = arg min
x"RN

"y &Ax"22

subject to & 1 , x , 1. (24)

The optimization problem (24) is quite different from the
original SOAV optimization [17] and the regularization-
based method [11], where (q1, q2, q3) = (0.4, 0.2, 0.4) and
(q1, q2, q3) = (1, 1, 1), respectively. Note that the box re-
laxation optimization (24) has been considered for the re-
construction of the binary vector b ! {&1, 1}N (e.g., [15],
[16]). The proposed approach results in the box relaxation
optimization (24) even when Pr(bj = 0) = 0.2.

V. BAYES OPTIMAL DAMP
In this section, we provide Bayes optimal DAMP based on

the state evolution. In the DAMP algorithm in Algorithm 1,
we can use different functions as &(·; ·) instead of the soft
thresholding function (7), (14). Moreover, the state evolution
formula (9) is still valid for different &(·; ·) as far as it is
Lipschitz continuous. In the literature of compressed sensing,
the AMP algorithm is called Bayes optimal if the functionD
&B (u; c)

E
n

= E [X |X + cZ = un ] is used instead of the

soft thresholding function [29], [40]. Note that &B
8
·; #+

"

9

is the minimizer of #̃(#2) = E

?#
&̃

8
X +

#+
"
Z

9
&X

$2
@

when we consider #̃(#2) as the functional of a function &̃(·).
Although it is difficult in general to analytically calculate the

optimal function &B(·; ·), we can obtain &B(·; ·) for the Bayes
optimal DAMP because the distribution of X is discrete in
our problem. The conditional probability of X can be written
as

Pr (X = r" |X + cZ = un ) =
1

,
p""

8
un & r"

c

9
, (25)

where the normalizing constant , is given by , =
L(

"=1

p""

8
un & r"

c

9
. From (25), we have

D
&B (u; c)

E
n
=

L(

"=1

p"r""

8
un & r"

c

9

L(

"!=1

p"!"

8
un & r"!

c

9 . (26)

As a special case, when r1 = &1, r2 = 1 and p1 = p2 =
0.5, (26) can be reduced to

D
&B (u; c)

E
n

= tanh
=
un/c2

>
,

which has been proposed for CDMA multiuser detection [2],
[41].

The state evolution formula for Bayes optimal DAMP
is given by #2

t+1 = #B(#2
t + "#2

v), where #B(#2) =

E

?#
&B
8
X +

#+
"
Z;

#+
"

9
&X

$2
@

. Since &B
8
·; #+

"

9
is

the minimizer of #̃(#2), Bayes optimal DAMP provides the
minimum MSE at each iteration in the large system limit.
In the noise-free case, the sequence of the MSE {#2

t }t=0,1,...
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Fig. 4. State evolution and empirical performance in the noise-free case
(b # {"1, 1}N , Pr(bj = "1) = 0.2, Pr(bj = 1) = 0.8, ! = 0.5, and
#2
v = 0)

obtained by #2
t+1 = #B(#2

t ) converges to zero if #S(#2)
is concave and Dmin < 1, because #S(#2) < #2 in that
case and hence #2

t+1 = #B(#2
t ) , #S(#2

t ) < #2
t . Thus, the

required measurement ratio " for soft thresholding DAMP is
an upper bound of that for Bayes optimal DAMP. However,
since #B(#2) is not necessarily concave unlike #S(#2), it is
difficult to obtain the necessary condition analytically for the
perfect reconstruction by Bayes optimal DAMP.

A similar algorithm to Bayes optimal DAMP can be derived
by using the discrete prior distribution in generalized AMP
(GAMP) [42], [43] with scalar variances. The AMP-based
algorithm similar to Bayes optimal DAMP has also been
proposed for MIMO signal detection [44], where the recon-
struction of complex discrete-valued vectors with uniform dis-
tributions is considered. However, these algorithms use update
equations to obtain the effective variance, while the proposed
DAMP algorithm uses the simple estimation '̂2t = "zt"22/N .
These conventional algorithms use the knowledge of the noise
variance #2

v unlike Bayes optimal DAMP.

VI. SIMULATION RESULTS

In this section, we evaluate the performance of the proposed
algorithms via computer simulations.

Figure 4 shows the prediction of MSE via state evolution
and the empirical MSE #2

t = "xt & b"22/N with DAMP
obtained by simulations. We set b ! {&1, 1}N , Pr(bj =
&1) = 0.2, Pr(bj = 1) = 0.8, " = 0.5, and #2

v = 0.
We evaluate the performance for the different problem sizes
of N = 100, 500, 1000, and 5000. The measurement matrix
A ! RM!N is composed of i.i.d. Gaussian variables with
zero mean and variance 1/M . In the figure, “soft thresholding”
denotes the performance of DAMP with the soft thresholding
function &S(·; ·) and “Bayes optimal” denotes that of Bayes
optimal DAMP with &B(·; ·). We can see that Bayes optimal
DAMP has much smaller MSE with less number of iterations
than soft thresholding DAMP. The figure also shows that
the prediction with state evolution is close to the empirical
performance in the large-scale systems.

Fig. 5. SER for i.i.d. Gaussian matrix (b # {"1, 0, 1}N , Pr(bn = 0) = 0.2,
Pr(bn = "1) = Pr(bn = 1) = 0.4, and (N,M) = (1000, 800))

Fig. 6. SER for i.i.d. Gaussian matrix (b # {"1, 0, 1}N , Pr(bn = 0) = 0.2,
Pr(bn = "1) = Pr(bn = 1) = 0.4, and (N,M) = (100, 80))

In Figs. 5 and 6, we evaluate the average of SER defined as
"Q(xt)& b"0/N , where Q(x) = arg min b̃"{r1,...,rL}N "b̃&
x"1. The distribution of the unknown vector is Pr(bn =
0) = 0.2,Pr(bn = &1) = Pr(bn = 1) = 0.4, which
has been considered in Example 4. The problem size is
(N,M) = (1000, 800) in Fig. 5 and (N,M) = (100, 80) in
Fig. 6. The measurement matrix A ! RM!N is composed of
i.i.d. Gaussian variables with zero mean and variance 1/M ,
and the SNR is defined as N(1 & p)/

=
M#2

v

>
. The number

of iterations in the algorithms is fixed to 200. In the figures,
“STDAMP” and “BODAMP” denote soft thresholding DAMP
and Bayes optimal DAMP, respectively. For comparison, we
also plot the performance of sum-product GAMP [42] with the
discrete-prior distribution as “GAMP”. “SOAV (original)” and
“SOAV (proposed)” represent the SOAV optimization with the
original coefficients q" = p" [17] and that with the proposed
parameters qopt

" , respectively. The parameter for the original
SOAV optimization $ is fixed as $ = 10. In the simulation,
we have used Beck-Teboulle proximal gradient algorithm [18],
[39] to solve these optimization problems. In both figures, we
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Fig. 7. SER for correlated matrix (b # {"1, 0, 1}N , Pr(bn = 0) = 0.2,
Pr(bn = "1) = Pr(bn = 1) = 0.4, and (N,M) = (1000, 800))

can see that the performance of the SOAV optimization with
the proposed parameters is much better than the original ones.
In Fig. 5, where N = 1000, Bayes optimal DAMP and GAMP
have better SER performance than the other methods. As men-
tioned in Section V, the GAMP algorithm uses the knowledge
of the noise variance, which is not necessary in the proposed
Bayes optimal DAMP. For the smaller-scale problem in Fig. 6,
however, the performance of these methods severely degrades
and the SOAV optimization with the proposed parameters can
achieve the best SER performance for high SNR region. The
difference of the error floor between Bayes optimal DAMP
and GAMP may be caused by the estimation of the effective
variance described in Section V.

In Fig. 7, we show the SER performance for the correlated
measurement matrix A = !

1
2
RAi.i.d.!

1
2
T . Here, Ai.i.d. ! RM!N

is composed of i.i.d. Gaussian variables with zero mean and
variance 1/M . The (i, j) elements of the positive definite
matrices !R and !T are given by [!R]i,j = J0(|i&j|·2-dR/.)
and [!T]i,j = J0(|i & j| · 2-dT/.), respectively. J0(·) is
the zeroth-order Bessel function of the first kind and we set
dR = dT = ./2 in the simulation. This model has been used
for spatially correlated MIMO channels with equally spaced
antennas [45]. The problem size and the distribution of the
unknown vector are the same as those in Fig. 5. From Fig. 7,
we can see that the performance of AMP-based algorithms
severely degrades because of the correlation. On the other
hand, the approach based on the SOAV optimization with
the proposed parameters works well even for the correlated
measurement matrix.

Next, we evaluate the SER performance when the measure-
ment matrix is a partial DCT matrix. The measurement vector
y is assumed to be written as

y = SDb+ v, (27)

where D ! RN!N is the DCT matrix and its (i, j) element

0 5 10 15 20 25 30
SNR (dB)

10!4

10!3

10!2

10!1

100

S
E
R

STDAMP
BODAMP
GAMP
SOAV (original)
SOAV (proposed)
Turbo-CS

Fig. 8. SER for partial DCT matrix (b # {"1, 0, 1}N , Pr(bn = 0) = 0.2,
Pr(bn = "1) = Pr(bn = 1) = 0.4, and (N,M) = (1024, 768))

Fig. 9. SER for partial DCT matrix (b # {"1, 0, 1}N , Pr(bn = 0) = 0.2,
Pr(bn = "1) = Pr(bn = 1) = 0.4, and (N,M) = (128, 96))

is given by

di,j =

,
--.

--/

H
1

N
(i = 1)

H
2

N
cos
% -

2N
(i& 1)(2j & 1)

&
(i -= 1)

(28)

in the simulations. The selection matrix S ! RM!N is
composed by randomly selecting M rows of the N / N
identity matrix. Figures 8 and 9 show the SER performance
for the partial DCT matrix. The distribution of the unknown
vector is Pr(bn = 0) = 0.2,Pr(bn = &1) = Pr(bn =
1) = 0.4. The problem size is (N,M) = (1024, 768) in
Fig. 8 and (N,M) = (128, 96) in Fig. 9. In the figures,
“Turbo-CS” denotes the performance of the algorithm based
on turbo compressed sensing [26], [27], which has been
proposed for the measurement with a partial DFT matrix.
Although Turbo-CS achieves the best SER in Fig. 8, it has
the error floor in Fig. 9 possibly because the problem size is
rather small. In [46], a similar phenomenon can be observed
for individually-optimal large MIMO AMP (IO-LAMA) [44],
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Fig. 10. Success rate in the noise-free case (b # {0, 1}N , Pr(bn = 0) =
0.1, Pr(bn = 1) = 0.9, and N = 1000)

Fig. 11. Success rate in the noise-free case (b # {0, 1}N , Pr(bn = 0) =
0.1, Pr(bn = 1) = 0.9, and N = 100)

which is an AMP-based MIMO signal detection scheme. The
SERs at the error floor will depend both on the algorithms and
the structure of the measurement matrix. From the figures, we
observe that Bayes optimal DAMP and GAMP achieve good
performance even if the problem size is not very large when
the measurement matrix is a partial DCT matrix. We note again
that Bayes optimal DAMP does not require the knowledge of
noise variance unlike GAMP.

In Figs. 10 and 11, we empirically evaluate the rate of the
success recovery in the sense that Q(xt) = b after t = 300
iterations. Figure 10 shows the success rate for the binary
vector b ! {0, 1}N with N = 1000. The distribution of
the unknown vector is given by Pr(bn = 0) = 0.1 and
Pr(bn = 1) = 0.9. The measurement matrix is an i.i.d.
Gaussian matrix. We consider the noise-free case and hence
the SOAV optimization problem is given by

b̂ = arg min
x"RN

q1"x"1 + q2"x& 1"1

subject to y = Ax, (29)

which is solved by Douglas-Rachford algorithm [18], [47] in
the simulation. In the figure, “regularization-based” denotes
the regularization-based method [11], which solves (29) with
q1 = q2 = 1. The vertical line corresponds to the value of
" for Dmin = 1 obtained from Fig. 1. In the large system
limit, the left side of each vertical line is the failure region
and the right side is the success region of soft thresholding
DAMP in the sense that #2

t % 0 (t % *). The success rate of
soft thresholding DAMP rapidly increases around the vertical
line. Moreover, Bayes optimal DAMP, GAMP, and the SOAV
optimization with the proposed parameters can achieve slightly
better success rates than that of soft thresholding DAMP.
Their success rates are also better than those of the SOAV
optimization with original coefficients and the regularization-
based method. One of possible reasons that the recovery rate
is not equal to one in the success region near the boundary is
that we restrict the maximum number of iterations as t = 300.
Another reason will be that the problem size here is finite and
not large enough. In Fig. 11, we evaluate the recovery rate
for b ! {0, 1}N with N = 100. Since the problem size is
smaller than that in Fig. 10, the performance of the AMP-
based algorithms is worse than that of the SOAV optimization
with the proposed parameters.

VII. CONCLUSION

In this paper, we have proposed the algorithm for the
discrete-valued vector reconstruction, referred to as DAMP.
We have analytically evaluated the asymptotic performance
of soft thresholding DAMP and have derived the condition
for the perfect reconstruction in the large system limit via
state evolution. The optimization algorithm for the parameters
of the soft thresholding function enables us to analyze the
performance theoretically in some cases. By using the analysis
of soft thresholding DAMP, we have also proposed the method
to determine the parameters of the SOAV optimization. More-
over, we have provided Bayes optimal DAMP, which gives
much smaller MSE compared to soft thresholding DAMP. Via
computer simulations, we have shown that DAMP can re-
construct the discrete-valued vector from its underdetermined
linear measurements and the empirical performance agrees
well with our theoretical results for large-scale problems.
For smaller-scale problems, the SOAV optimization with the
proposed parameters can achieve better performance than
the AMP-based algorithms. We have also shown that Bayes
optimal DAMP works well for partial DCT measurement
matrices.

Future work includes the extension of the proposed algo-
rithms to the reconstruction of the complex discrete-valued
vector, as well as some applications such as signal detection
in communication systems and image reconstruction.

APPENDIX A
DERIVATION OF #(#2)

We firstly rewrite (10) as

#(#2) =
L(

"=1

p"#"(#
2), (30)
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where

#"(#
2) =

I %

$%

#
&

8
r" +

#+
"
z;

#+
"

9
& r"

$2

"(z)dz.

(31)

From (6) and (7), we have

&

8
r" +

#+
"
z;

#+
"

9

=

,
-------------.

-------------/

r" +
##
!
(z &Q1) (z < T",1,1)

r1 (T",1,1 , z < T",1,2)
...

...
r" +

##
!
(z &Qk) (T",k$1,k , z < T",k,k)

rk (T",k,k , z < T",k,k+1)
...

...
r" +

##
!
(z &QL+1) (T",L,L+1 , z)

, (32)

where

T",k,k! =

+
"

#
(&r" + rk) +Qk! . (33)

We thus rewrite #"(#2) as

#"(#
2) =

#2

"

I T!,1,1

$%
(z &Q1)

2 "(z)dz

+
L(

k=1

I T!,k,k+1

T!,k,k

(rk & r")
2 "(z)dz

+
#2

"

L(

k=2

I T!,k,k

T!,k"1,k

(z &Qk)
2 "(z)dz

+
#2

"

I %

T!,L,L+1

(z &QL+1)
2 "(z)dz. (34)

For a, b,Q ! R, we have
I b

a
(z &Q)2 "(z)dz

= {&b" (b) + a" (a) + ! (b)& ! (a)}
& 2Q {&" (b) + " (a)}+Q2 {! (b)& ! (a)} , (35)

thus

#"(#
2) =

L(

k=1

(rk & r")
2 {! (T",k,k+1)& ! (T",k,k)}

+
#2

"

L(

k=1

[{&T",k,k" (T",k,k) + ! (T",k,k)}

+2Qk" (T",k,k) +Q2
k! (T",k,k)

E

+
#2

"

L+1(

k=2

[{T",k$1,k" (T",k$1,k)& ! (T",k$1,k)}

&2Qk" (T",k$1,k)&Q2
k! (T",k$1,k)

E

+
#2

"

=
1 +Q2

L+1

>
. (36)

Hence, #(#2) in (30) can be obtained from (36).

APPENDIX B
DERIVATION OF

d#

d(#2)

AAAA
#'0

From (30), we have

d#

d(#2)

AAAA
#'0

=
L(

"=1

p"
d#"

d(#2)

AAAA
#'0

. (37)

With the derivative of T",k,k! with respect to #2

T &
",k,k! =

dT",k,k!

d(#2)

*
= &

+
"

2#3
(&r" + rk)

+
, (38)

the derivative of (36) is given by

d#"

d(#2)

=
L(

k=1

(rk & r")
2 BT &

",k,k+1" (T",k,k+1)& T &
",k,k" (T",k,k)

C

+
1

"

L(

k=1

[{&T",k,k" (T",k,k) + ! (T",k,k)}

+2Qk" (T",k,k) +Q2
k! (T",k,k)

E

+
#2

"

L(

k=1

(T",k,k &Qk)
2 T &

",k,k" (T",k,k)

+
1

"

L+1(

k=2

[{T",k$1,k" (T",k$1,k)& ! (T",k$1,k)}

&2Qk" (T",k$1,k)&Q2
k! (T",k$1,k)

E

& #2

"

L+1(

k=2

(T",k$1,k &Qk)
2 T &

",k$1,k" (T",k$1,k)

+
1

"

=
1 +Q2

L+1

>
(39)

=
1

"

L(

k=1

[{&T",k,k" (T",k,k) + ! (T",k,k)}

+2Qk" (T",k,k) +Q2
k! (T",k,k)

E

+
1

"

L+1(

k=2

[{T",k$1,k" (T",k$1,k)& ! (T",k$1,k)}

&2Qk" (T",k$1,k)&Q2
k! (T",k$1,k)

E

+
1

"

=
1 +Q2

L+1

>
. (40)

From

lim
#'0

T",k,k! =

,
-.

-/

* (! < k)

Qk! (! = k)

&* (! > k)

, (41)
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we conclude that
d#"

d(#2)

AAAA
#'0

=
1

"

D
{&Q"" (Q") + ! (Q")}+ 2Q"" (Q") +Q2

"! (Q")
E

+
1

"

L(

k="+1

=
1 +Q2

k

>

+
1

"
[{Q"+1" (Q"+1)& ! (Q"+1)}

&2Q"+1" (Q"+1)&Q2
"+1! (Q"+1)

E

+
1

"

L+1(

k="+2

=
&1&Q2

k

>

+
1

"

=
1 +Q2

L+1

>
(42)

=
1

"

B
Q"" (Q")&Q"+1" (Q"+1) +

=
1 +Q2

"

>
! (Q")

+
=
1 +Q2

"+1

>
(1& ! (Q"+1))

C
. (43)

Hence, d"
d(#2)

AAA
#'0

is straightforwardly obtained from (37)
and (43) as in (12).

APPENDIX C
PROOF OF THEOREM 1

Since D(Q) is a monotonically increasing function of
Q1 and a monotonically decreasing function of QL+1, their
optimal values are Qopt

1 = &* and Qopt
L+1 = *, respectively.

Thus, the optimization problem (13) can be reduced to

Dmin = min
Q2,...,QL

D̃(Q2, . . . , QL)

subject to Q2 , · · · , QL, (44)

where

D̃(Q2, . . . , QL)

:=
"

2
D(Q)

AAAA
Q1=$%,QL+1=%

(45)

=
1

2

L(

"=2

D
p"$1

B
&Q"" (Q") +

=
1 +Q2

"

>
(1& ! (Q"))

C

+p"
B
Q"" (Q") +

=
1 +Q2

"

>
! (Q")

CE
. (46)

It is sufficient to confirm that D̃(Q2 . . . , QL) is strictly convex
and Qopt

2 , . . . , Qopt
L obtained by Algorithm 2 satisfies Karush-

Kuhn-Tucker (KKT) conditions of (44).

A. Strict Convexity of D̃(Q2 . . . , QL)

To prove the strict convexity of D̃(Q2 . . . , QL), we show
that the Hessian 02D̃ is positive definite. The partial derivative
of D̃(Q2 . . . , QL) with respect to Q" (! = 2, . . . , L) is given
by

/D̃

/Q"
= p"$1 {&" (Q") +Q" (1& ! (Q"))}

+ p" {" (Q") +Q"! (Q")} . (47)

The second-order partial derivative can be written as

/2D̃

/Q2
"

= p"$1 (1& ! (Q")) + p"! (Q") > 0, (48)

and

/2D̃

/Q"/Q"!
= 0 (! -= !&). (49)

From (48) and (49), the Hessian 02D̃ =

diag

*
/2D̃

/Q2
2

, . . . ,
/2D̃

/Q2
L

+
is positive definite and hence

D̃(Q2, . . . , QL) is a strictly convex function of Q2, . . . , QL.

B. KKT Conditions
Next, we prove that Qopt

2 , . . . , Qopt
L satisfies the KKT con-

ditions of (44). We define the Lagrange function as

L(Q2, . . . , QL) = D̃(Q2, . . . , QL) +
L$1(

"=2

µ"(Q" &Q"+1),

(50)

where µ2, . . . , µL$1 are the KKT multipliers. Since the partial
derivatives of D̃(Q2, . . . , QL) are obtained as in (47), the KKT
conditions can be written with F"(Q) (! = 2, . . . , L) defined
in Algorithm 2.
KKT conditions of (44)

1) F2(Q2) + µ2 = 0,
F"(Q")& µ"$1 + µ" = 0 (! = 3, . . . , L& 1),
FL(QL)& µL$1 = 0.

2) Q" &Q"+1 , 0 (! = 2, . . . , L& 1).
3) µ" ) 0 (! = 2, . . . , L& 1).
4) µ"(Q" &Q"+1) = 0 (! = 2, . . . , L& 1).
Before the investigation of the KKT conditions, we confirm

that the equations G"(Q) = 0 and
!"$1

k=j Fk(Q) = 0 have
a unique solution and Q̂(·) in Algorithm 2 can be defined
properly. For ! = 2, . . . , L, we have limQ($% F"(Q) = &*,
limQ(% F"(Q) = *, and

dF"

dQ
= p"$1 (1& ! (Q)) + p"! (Q) > 0, (51)

which show that each F"(Q) is a strictly increasing function
with the range R. Since G"(Q) and

!"$1
k=j Fk(Q) are sum of

some F"(Q) (! = 2, . . . , L), they are also strictly increasing
functions with the range R and the solutions of G"(Q) = 0
and

!"$1
k=j Fk(Q) = 0 are unique.

We then prove that Qopt
2 , . . . , Qopt

L obtained by Algorithm 2
and µopt

" := G"+1

=
Qopt

"+1

>
(! = 2, . . . , L& 1) satisfy the KKT

conditions, i.e.,

F2

=
Qopt

2

>
+ µopt

2 = 0, (52)
F"

=
Qopt

"

>
& µopt

"$1 + µopt
" = 0 (! = 3, . . . , L& 1), (53)

FL

=
Qopt

L

>
& µopt

L$1 = 0, (54)
Qopt

" &Qopt
"+1 , 0 (! = 2, . . . , L& 1), (55)

µopt
" ) 0 (! = 2, . . . , L& 1), (56)

µopt
"

=
Qopt

" &Qopt
"+1

>
= 0 (! = 2, . . . , L& 1). (57)
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In the following proofs of (52)–(57), we denote the condition
Q̂(G"(Q)) > max

j=2,...,"$1
Q̂
%!"$1

k=j Fk(Q)
&

in the line 8 of
Algorithm 2 by H".

1) proof of (52)–(54): From the definition of G"(Q), we
have G"

=
Qopt

"

>
= F"

=
Qopt

"

>
+G"+1

=
Qopt

"+1

>
for ! = 3, . . . , L&

1. We thus obtain

F"

=
Qopt

"

>
& µopt

"$1 + µopt
"

= F"

=
Qopt

"

>
&G"

=
Qopt

"

>
+G"+1

=
Qopt

"+1

>
(58)

= 0. (59)

Similarly, we have F2

=
Qopt

2

>
+µopt

2 = F2

=
Qopt

2

>
+G3

=
Qopt

3

>
=

G2

=
Qopt

2

>
= G2

%
Q̂(G2(Q))

&
= 0 and FL

=
Qopt

L

>
& µopt

L$1 =

FL

=
Qopt

L

>
&GL

=
Qopt

L

>
= 0 because GL(Q) = FL(Q).

2) proof of (55): We firstly consider the case where the
condition H"+1 is satisfied. In this case, Qopt

"+1 is determined
as Qopt

"+1 = Q̂ (G"+1(Q)). We define !& (< !) as the maximum
index that H"! is true, i.e., the conditions H", H"$1, . . . , H"!+1

are not satisfied and the condition H"! is satisfied. By us-
ing Algorithm 2, we can obtain G"!(Q) =

!"
k="! Fk(Q)

and Qopt
" = Qopt

"$1 = · · · = Qopt
"! = Q̂ (G"!(Q)). We

thus have Qopt
"+1 = Q̂ (G"+1(Q)) > Q̂

%!"
k="! Fk(Q)

&
=

Q̂ (G"!(Q)) = Qopt
" and hence Qopt

" &Qopt
"+1 , 0.

If the condition H"+1 is not satisfied and Qopt
"+1 = Qopt

" , we
also have Qopt

" &Qopt
"+1 , 0.

3) proof of (56): If the condition H"+1 is satisfied, µopt
" =

G"+1

=
Qopt

"+1

>
= G"+1

%
Q̂(G"+1(Q))

&
= 0 and hence µopt

" )
0 holds.

Next, we assume that the condition H"+1 is not satisfied.
In this case, we have

Q̂ (G"+1(Q)) , max
j=2,...,"

Q̂

0

1
"(

k=j

Fk(Q)

2

3 . (60)

We define !& (< !+1) as the maximum index that H"! is true,
i.e., the conditions H", H"$1, . . . , H"!+1 are not satisfied and
the condition H"! is satisfied. We can obtain

Q̂ (G"!(Q)) > max
j=2,...,"!$1

Q̂

0

1
"!$1(

k=j

Fk(Q)

2

3 , (61)

G"!(Q) = G"+1(Q) +
"(

k="!

Fk(Q), (62)

and Qopt
"+1 = Qopt

" = · · · = Qopt
"! = Q̂ (G"!(Q)). In what

follows, we often use the following lemma.
Lemma 1. For strictly increasing functions f(Q) and g(Q)
with the range R, we have

Q̂ (f(Q)) < Q̂ (g(Q))

12 Q̂ (f(Q)) < Q̂ (f(Q) + g(Q)) < Q̂ (g(Q)) . (63)

The proposition obtained by replacing all of < with , also
holds.

To prove µopt
" ) 0, we will show that

Q̂ (G"+1(Q)) , Q̂

*
"(

k="!

Fk(Q)

+
, (64)

which results in Q̂ (G"+1(Q)) , Q̂ (G"!(Q)) from (62) and
Lemma 1. If Q̂ (G"+1(Q)) , Q̂ (G"!(Q)) holds, we can
obtain µopt

" ) 0 as µopt
" = G"+1

=
Qopt

"+1

>
= G"+1

=
Qopt

"!
>
=

G"+1

%
Q̂ (G"!(Q))

&
) G"+1

%
Q̂ (G"+1(Q))

&
= 0.

To show (64), we provide the proof by contradiction with
the assumption

Q̂ (G"+1(Q)) > Q̂

*
"(

k="!

Fk(Q)

+
. (65)

From (62), (65) and Lemma 1, we have

Q̂

*
"(

k="!

Fk(Q)

+
< Q̂ (G"!(Q)) < Q̂ (G"+1(Q)) . (66)

It follows from (61) and (66) that

max
j=2,...,"!

Q̂

0

1
"(

k=j

Fk(Q)

2

3 < Q̂ (G"!(Q)) < Q̂ (G"+1(Q)) .

(67)

From (60) and (67), we can obtain

Q̂ (G"+1(Q)) , max
j="!+1,...,"

Q̂

0

1
"(

k=j

Fk(Q)

2

3 . (68)

We define !1 as !1 = arg max
j="!+1,...,"

Q̂
%!"

k=j Fk(Q)
&

, which

results in

Q̂ (G"+1(Q)) , Q̂

*
"(

k="1

Fk(Q)

+
. (69)

Since !& + 1 , !1 , !, the conditions H", . . . , H"1 are not
satisfied and hence we have

Q̂(G"1(Q)) , max
j=2,...,"1$1

Q̂

0

1
"1$1(

k=j

Fk(Q)

2

3 , (70)

G"1(Q) = G"+1(Q) +
"(

k="1

Fk(Q). (71)

Lemma 1, (69), and (71) give

Q̂ (G"+1(Q)) , Q̂ (G"1(Q)) , Q̂

*
"(

k="1

Fk(Q)

+
. (72)

From (67) and (72), we have

Q̂ (G"!(Q)) < Q̂ (G"+1(Q)) , Q̂ (G"1(Q)) . (73)

With a similar approach to (71), we can also obtain

G"!(Q) = G"1(Q) +
"1$1(

k="!

Fk(Q) (74)
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and

Q̂

*
"1$1(

k="!

Fk(Q)

+
, Q̂ (G"!(Q)) < Q̂ (G"1(Q)) . (75)

It follows from (61) and (75) that

max
j=2,...,"!

Q̂

0

1
"1$1(

k=j

Fk(Q)

2

3 < Q̂ (G"1(Q)) . (76)

If !1 = !& + 1, (76) contradicts (70) and hence we can
conclude (64) and µopt

" ) 0. Otherwise !1 > !& + 1, and in
this case combining (70) and (76) gives

Q̂(G"1(Q)) , max
j="!+1,...,"1$1

Q̂

0

1
"1$1(

k=j

Fk(Q)

2

3 . (77)

We then define !2 as !2 = arg max
j="!+1,...,"1$1

Q̂
%!"1$1

k=j Fk(Q)
&

.

Here, note that !&+1 , !2 < !1 < !+1. By repeating the same
manner, we have a sequence !1, !2, . . . , !i satisfying !&+i&1 ,
!i < !i$1 < · · · < !1 < ! + 1. Since {!& + i & 1}i=1,...

is monotonically increasing and {!i}i=1,... is monotonically
decreasing, there exists ĩ satisfying !& + ĩ& 1 = !ĩ < !ĩ$1 <
· · · < !1 < !+ 1. Moreover, similar to (76), we have

Q̂
=
G"ĩ(Q)

>
> max

j=2,...,"!+ĩ$2
Q̂

0

1
"ĩ$1(

k=j

Fk(Q)

2

3 (78)

= max
j=2,...,"ĩ$1

Q̂

0

1
"ĩ$1(

k=j

Fk(Q)

2

3 . (79)

However, (79) contradicts the fact that !& (< ! + 1) is the
maximum index of H"! being true because !ĩ > !&. We thus
conclude (64) and µopt

" ) 0.
4) proof of (57): If the condition H"+1 is satisfied and

Qopt
"+1 is determined as Qopt

"+1 = Q̂ (G"+1(Q)), µopt
" =

G"+1

=
Qopt

"+1

>
= 0 and hence µopt

"

=
Qopt

" &Qopt
"+1

>
= 0 holds.

Otherwise, Qopt
"+1 = Qopt

" and hence µopt
"

=
Qopt

" &Qopt
"+1

>
= 0

also holds.

APPENDIX D
DERIVATION OF

d2#

d(#2)2

From (40), the second derivative of #"(#2) is given by

d2#"

d(#2)2

=
1

"

L(

k=1

B
T 2
",k,kT

&
",k,k" (T",k,k)& 2QkT",k,kT

&
",k,k" (T",k,k)

+Q2
kT

&
",k,k" (T",k,k)

C

& 1

"

L+1(

k=2

B
T 2
",k$1,kT

&
",k$1,k" (T",k$1,k)

& 2QkT",k$1,kT
&
",k$1,k" (T",k$1,k)

+Q2
kT

&
",k$1,k" (T",k$1,k)

C
(80)

=
1

"

L(

k=1

(T",k,k &Qk)
2 T &

",k,k" (T",k,k)

& 1

"

L+1(

k=2

(T",k$1,k &Qk)
2 T &

",k$1,k" (T",k$1,k) (81)

=

+
"

2#5

L(

k=1

(&r" + rk)
3 {&" (T",k,k) + " (T",k,k+1)} , (82)

which results in (15).
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